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Abstract-A semi-infinite cylinder with fixed short end is considered. Normal loads far away
from the fixed end are prescribed. An exact formulation of the problem in terms of a singular
integral equation is provided by using an integral transform technique. Stresses along the rigid
end and stress intensity factors are computed numerically and are presented graphically.

INTRODUCTION

Numerous studies have been devoted to the analysis ofsemi-infinite cylinders with stress-free
curved surfaces and prescribed stress or displacement boundary conditions on the plane
end. A few good solutions exist; however, none of the methods provides a solution which
can directly give the correct behavior of stresses near the circumference of the short end
without presenting convergence difficulties. The best solution known so far is given by
Benthem and Minderhoud[I] in which the eigenfunction technique is utilized with remark
able success. No difficulty in the convergence of results is experienced; however, a prior
knowledge of the proper stress singularities from alternate means is necessary. Also, an
extensive review of earlier works attempting to solve the problem is provided in[I] and,
hence, will not be repeated here.

In this paper, an integral transform technique is used to formulate the problem in terms
of a singular integral equation which is then solved numerically. (This technique has been
recently used by the author to solve the semi-infinite strip problem[2].) First an elastostatic
problem for a penny-shaped inclusion located centrally in an infinite cylinder with stress
free curved boundaries is considered (Fig. 1). Inclusion extending to the surfaces then
reduces the problem to that of a semi-infinite cylinder with fixed end.

FORMULATION OF PROBLEM

Consider the axisymmetric problem for a cylinder of radius R containing a rigid penny
shaped inclusion of radius a (Fig. Ia). Let E and v be the Young's modulus and Poisson's
ratio of the cylinder, respectively. The only loads acting on the cylinder are uniform stresses
on the plane ends far away from the inclusion. The problem of interest here is the special
case when the inclusion extends to the cylinder surface, i.e. a = R (Fig. lb). The formulation
provided in this paper is valid for a :::;; R.
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(a)

Fig. 1. Geometry of an infinite cylinder with a penny-shaped inclusion and a semi-infinite
cylinder (a = R).

The problem described above can be recovered by superposing two subproblems as
shown in Fig. 2. Solution of I is simply given as

(J,/(r, z) = (J,/(r, z) = 0

(1'Z/(r, z) = (J'Z/{r, ±co) =Po

u/(r,O) = -ear,
v

eo = EPo
(1)

u/(r,O) = O.

Problem II is the disturbance problem which, when added to I, must describe the original
problem. Hence the input function for this part must be the radial displacement at the plane

r. + r

Ur ( r .0)' ~or. rca

p.. v

(TI)

Fig. 2. Superposition of two solutions to give the total solution.
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z = 0 and equal to the negative of that in I. Thus the boundary conditions for subproblem II
become

urr(R, z) = urz(R, z) = 0

uz(r, 0) = 0, r < R

ur(r,O) = Bor, r < a

(2)

urz(r, 0) = 0, a<r<R. (3)

(4)

Note that z = 0, r < a is a singular surface across which the displacements are continuous
but the stress vector suffers a discontinuity. The displacements and stresses for the problem
can be written as a superposition of two transform solutions. One is the solution for a
cylinder (r < R, Iz I < 00) with z = 0 as the plane of symmetry and r = 0 as the axis of
symmetry[3], and the other is the half plane solution in polar coordinates with z = 0 as the
plane of symmetry[4]. The solution can be expressed as

7t/lur(r, z) = - (" [A 1I1(rt) + A z rlo(rt)]tZcos(zt) dt - ('B(A)(K - Az)e- J.zJ1(Ar) dA

7t/luz(r, z) = IC()[A 1tIo(rt) + Az{(K + l)Io(rt) + rtI1(rt)}]t sin(zt) dt + IC()AzB(A)e-.l.zJo(Ar) dA
o 0

urr(r, z) = - ~ foC() [A 1t{Io(rt) - I
1
;:t)} + Az{K ; 1 Io(rt) + rtI1(rt)}] tZcos(zt) dt

+ ~IC() [KJ1(Ar) _ K+ 3 Jo(Ar) + AZ{Jo(Ar) _ J1(Ar)}]AB(A)e-J.Z dA
7t 0 Ar 2 Ar

uzz(r, z) = ~ tC() [A 1tIo(rt) + A z{5 ; KIo(rt) + rtl1(rt)}] tZcos(zt) dt

+ ~ tC() [K; 1 _ AZ] AB(A)e-J.zJo(Ar) dA

urz(r, z) = ~ foC() [A 1tI1(rt) + Aze ; KI1(rt) + rtIo(rt)}] tZsin(zt) dt

+ ~ tC() [K; 1 _ AZ] AB(A)e - J.zJ 1(Ar) dA

E
where K = 3 - 4v and /l = ( )

21+v

It should be noted that this solution identically satisfies the third condition uz(r, 0) = 0
of equation (2). The three unknown functions A1(t), Az(t) and B(A) will be determined by
using the first two conditions of equation (2) and the mixed boundary conditions, equation
(3). The first two conditions of equation (2) can be written as

Al t3{Io(Rt) - I1~t)} + Aztz{K ; 1 Io(Rt) + RtI1(Rt)}

= ~ IC() AZB(A) [K J1(AR) _ K + 3 J (AR) + A
Z

- t
Z

{J (AR) _ J 1(AR)}] dA (5)
7t 0 AZ+ tZ AR 2 0 AZ+ tZ 0 AR

3 z{l + K } 2IC() J1(AR) [K + 1 2A
Z

]Alt II(Rt) + A z t -- I1(Rt) + RtIo(Rt) = - - AB(A)~ -- -~ t dA.
2 7to lI.+t 2 A+t
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a<r<R.

Mixed boundary conditions equation (3) can be expressed as

npu.(r,O) = - {')KB(A)J1(Ar) dA - foo [A tit (rt) + A 2rlo(rt)]t2 dt = npeor,
o 0

2 foo K + 1(Jrz(r,O) - -- AB(A)Jt(Ar) dA = 0,
n 0 2

r < a (6)

(7)

(9)

The dual integral equations written above can be reduced to a singular integral equation
by defining a new unknown function ¢(r) representing the shear stress along the line z = 0+ .
Note that this must be distinguished from the shear stress at z = 0- since the stress vector
suffers a discontinuity across this plane. Due to symmetry, the two values will be numerically
equal and the negative of each other. The function ¢(r) is written as

¢(r) = (Jr/r, 0+), r < R. (8)

From equation (7) ¢(r) = 0, a < r < R. Hence inverting the integral obtained from equa
tion (7) and equation (8) we have

K + I foo- B(A) = ¢(p)pJt(Ap) dp.
n 0

Equations (5) are now solved simultaneously to give

2 RDl(t)[_K_~_I It(Rt) + Rtlo(Rt)] - RDit)[_K_~_I 10(Rt) + Rtlt(Rt)]

Att = ---=--------~--:----=-=-------~
R2t2102(Rt) _ [_K_~_I + R2t2] I/(Rt)

2 D2(t)[Rtlo(Rt) - II (Rt)] - RtDt(t)II(Rt)
A 2 t = ---::.~-~----~~--~--

R2t2/02(Rt) _ [_K_;_1 + R2 t2] l/(Rt)

where

(10)

(11)

2 foo A
2
B(A) [{ 2t

2
} Jt(AR) {K + 1 2t

2
} ]

Dt(t) =; 0 A2 + t2 (K - 1) + A2 + t2 ~ - -2- + A2 + t2 Jo(AR) dA

2 foo B(}.) [K - 3 2t
2 JD 2(t) = - - At -2--2 -- + -2--2. J 1(AR) dA.

no A+t 2 A+t

Using equation (9) and relations given in (5), equations (11) can be reduced to give the
following expressions.

where

i = 1,2, .... (12)

1 [ K + 3k 1(p, t)= R (K + 1 + R2t2)/1(pt)Kt(Rt) + -2- Rtl1(pt)Ko(Rt)

- ptlo(pt)Kt(Rt) - PtRtIo(Pt)Ko(Rt)] (13)

k2(p, t) = -t[RtI1(pt)Ko(Rt) - ptIo(pt)KtCRt) + K; I/1(Pt)K1(Rt)]-
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Now Al and A 2 are substituted from equation (10) into equation (6). Equation (9) is used
to eliminate R(A), and equation (6) becomes an integral equation containing the only
unknown function ¢(r). In order to reduce this to a singular integral equation, instead of
radial displacement Un equation (6) is rewritten for (1jr)(ojor)(rur ) which is equal to the
sum of radial and tangential strains at the plane z = 0[6]. The inner integral appearing
due to the first term in equation (6) can be written in closed form in terms of complete
elliptic integrals. The singular integral equation can be expressed as

where

f
a n
¢(p)(Kh(p, r) + pL(p, r)] dp = -,u(1 + K) - EO,

o 2
r<a (14)

(

_P E(~)
p2 _ r2 p'

h(p, r) =
_.r E(f!..) +~K(f!..),
p2 _ r 2 r r r

p<r

p>r

L(p, r) = {>O kl(p, t)hl(r, t) : ~2(P' t)hir, t) dt (15)

o R2t2I0
2(Rt) - [T + R 2t2] I1

2(Rt)

hI (r, t) = Rt [RtIo(rt)Io(Rt) - rtIl(rt)Il(Rt) + K~ 3 Io(rt)Il(Rt)]

- h2(r, t) = Rt [RtIo(rt)Il (Rt) - rtIl (rt)Io(Rt) + K~ 5 10 (rt)Io(Rt)]

+ rtIl(rt)Il(Rt) + 2Io(rt)Il(Rt)

E and K being the complete elliptic integrals of the first and second kind respectively. Note
that the kernel h(p, r) behaves like a Cauchy kernel Ijp - r near p --> r. The kernel L(p,r) is
bounded for all values of p and r in (0, a) if a < R. For the case of a < R, the solution of
equation (14) is quite straightforward[4]. It is convenient for the purpose of numerical
analysis to extend the definition of the kernels into the negative range ( - a, 0) by assuming
that ¢(P) = - ¢( - p) to obtain

fa ¢(P)[~ + Kb(p, r) + [pIL(p, r)] dp = -,u(l + K)nEO' lrl < a (16)
-a p r

where

b(p, r) = ml(p, r) - 1
p-r

Ipl < Irl

Ipl > Irl·

(17)
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Note that b(p, r) is a bounded kernel in the domain -a < p, r < a for a::;; R. Equation (16)
should be solved subject to the following consistency condition

r¢(P)dp =0.
-a

(18)

The actual problem of interest here (Fig. Ib) is the case when a = R and the kernel L(p, r)
is no longer bounded for all values of p and r, and contains point singularities at p = ±R
and r = ±R. These singularities can be extracted by using the asymptotic value of the
integrand appearing in the infinite integral for the kernel L(p, r), as t --+ 00. Let

(19)

where Ks(P' r) is the singular part of the kernel L(p, r). Using the asymptotic behavior of
the modified Bessel functions[7], from the second equation in equation (15), for positive
values of p and r, it follows that

koo(p, r, t) = _1_ e-(2R-p-')1 [(R - p)(R - r)t2
J(pr)

t (K - 1)2]+ {K(R - r) + (K - 2)(R - pH 2+ 4 . (20)

Using equation (20) and performing the integration in equation (19), the corresponding
singular part of the kernel for (p, r) > 0 becomes

Then

1 [K2
- 3 12(R - r) 8(R - r)2 ]

K1s(P, r) =--- + 2 - 3 •
4J(pr) 2R - P - r (2R - P - r) (2R - p - r)

(21)

Note that the additional singular terms appear due to the extension of equation (14) into
the negative range ( - R, 0).

In order to analyze the behavior of the unknown function ¢(P) near the end points
p = ±R, the dominant part of equation (16) (for a = R) consisting of the Cauchy kernel
and the singular kernel Kip, r) must be considered. This can be expressed as

~ fR ¢(p) [_K_ + ~J(f!.){K2 - 3 + 12(R - r)~ - 4(R _ r)2 ~}
n - R P - r 4 r dr dr2

{ II} lJ(P){2 d 2
d2

}X - + - - K - 3 - 12(R + r) - - 4(R + r) -
2R - p - r 2R + P - r 4 r dr dr2

x { 1 _ 1 }] dp (23)
2R - P + r 2R + P + r

= -p(l + K)eo + A(r), Irl < R
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where A(r) is the bounded function containing the terms coming from the Fredholm kernel
in equation (17), i.e.

R

A(r) = - L
R

4>(P)[Kb(p,r) + Ipl{L(p,r)-K.(p,r)}]dp (24)

4>(p) may be assumed to have integrable singularity at p = ±R which can be expressed as[8]

G(p) G(p)e(ltia)
4>(P) = (R2 _ p2y = (p _ RY(p + RY' Ipl < R (25)

where 0 < Re(lX) < 1 and G(p) satisfies a Holder condition in the closed interval 1p I ~ R.
The method of determining IX requires studying equation (23) as in ([8], chap. 4) and has
been discussed in detail in[9].

Considering the sectionally holomorphic function

1 fR 4>(p) I fR G(p)e(ltia) dp
ljJ(z) =; -R P _ z dp =; -R (p - RY(p + RY p - z

and following [8], one obtains

(26)

Irl <R

R <2R -r<3R

R <2R+r <3R

- 3R < r - 2R < - R

(27)

- 3R < - r - 2R < - R

G( - R) e(ltia) G(R) 1
ljJ(z)=---.- -- . + 4>o(z)

(2RY sm 1t1X (z + RY (2RY sm 1t1X(Z - R)a

G( - R) cot 1t1X G(R) cot 1t1X

ljJ(r) = (2RY (R + rY - (2RY (R _ rY + 4>1(r),

G(R) I
ljJ(2R - r) = - (2RY sin 1t1X(R _ rY + 4>2(r),

G( -R) 1
ljJ( -2R + r) = (2RY sin 1t1X(R _ rY + 4>ir),

'/'( R ) G(R) I ,/,)
'I' 2 + r = - (2RY sin 1t1X(R + r)a + '+'4(r ,

'/'(-2R _ r) _ G( -R) 1 ,/, )
'I' - (2R)a sin 1t1X(R + rY + '+'5(r ,

where 4>;(r), i = 0, ... , 5 are bounded everywhere except possibly at the end points ±R
where it may have the following behavior:

Re(lXo) < Re(IX). (28)

Substituting equation (27) into equation (23) and using the symmetric properties of the
function G(p), equation (23) becomes

(2RY
1

. [K cos 1t1X - H(K2
- 3) + 121X - 41X(1X + I)}] . [G( - R) - G(R)] = P(r) (29)

~m ~+~ ~-~

where P(r) contains all the bounded functions. Since G( ±R) #- 0, equation (29) can only be
satisfied if

2K cos 1t1X = K2 + 1 - 4(1X - 1)2 (30)
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which provides a characteristic equation to determine 0:[2]. Note that the equation is
identical to that of a 90° wedge with stress-displacement boundary conditions. Also, it
depends only on the Poisson's ratio of the cylinder and is real for any material, i.e. for
0:::;; v:::;; 0'5. If a < R (Fig. la), equation (23) would only have a Cauchy kernel and the
characteristic equation would become

cot no: = 0, (31)

Irl < R
(32)

which is the well known singularity along the circumference of a penny-shaped rigid inclu
sion embedded in a material. For the semi-infinite cylinder, the singular integral equation
can now be written as

I
R

¢(p)[~ + Kb(p, r) + Ip IKip, r) + Ip IKF(p, r)] dp = - p(K + l)son
-R p - r

KF(p, r) = L(p, r) - fXJ [ket:)(p, r, t) - ket:)( - p, r, t) + ket:)(p, -r, t) ket:)( - p, -r, t]dt
o

where b(p, r), Ks(p, r), L(p, r) and ket:)(p, r, t) are gIven by equation (17), equation (22),
equation (15) and equation (20) respectively. KF(p, r) is the Fredholm kernel for a:::;; R.

SOLUTION OF THE INTEGRAL EQUATION

Equation (32) is first normalized with respect to R by using the following transformation:

p
r =-,

R

r
Y=-,

R
¢(p) = ¢(rR) = ¢(r). (33)

(35)

Hence equation (32) can now be written as

II ¢(r) [_K_ + KRb(Rr, Ry) + R2
1 rl {Ks(Rr, Ry) + KF(Rr, RY)}] dr

_I r - Y (34)

= -p(K + l)son, Iyl < I

and equation (25) becomes

!/t(r)
¢(r) = (1 _ r 2t

where 0: is given by equation (30). Equation (34) can now be solved numerically by using
Gauss-Jacobi Integration formula. The technique has been used and discussed in detail in
[9]. Using the additional condition equation (18), the following set of N x N simultaneous
algebraic equations are obtained:

f A j !/t(rj) [_K_ + KRb(Rrj' RyJ + R2Irjl{Ks(Rrj' RYi) + KF(Rrj' RYi)}]
j=1 r j Yi

-p(K+I)nso, i=I, ... ,N-I (36)

where

j= I, , N

i = I, , N - 1
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(40)

(39)

and A j are the corresponding weighting constants[9]. t/!(-rj) are computed numerically
from equation (36), and the shear stress (Jrz(r, 0) can then be expressed as

R2~t/!(~)
(Jrz(r, O) = cf>(r) = (R2 _ r2t' \rl < R. (37)

NORMAL STRESS AND STRESS INTENSITY FACTOR

Having solved for the shear stress (Jrz(r, 0), the stress and the displacement field at any
location in the semi-infinite cylinder can be calculated by using the appropriate equation in
equation (4). The normal stress (Jzz(r, 0) is of particular importance. To evaluate (Jzz' the
fourth equation in equation (4) must be considered. Using equations (9), (10) and (12), it
can be expressed as

n(K + I)(Jzz(r,O) = fR cf>(p)[K - 1 + (K - I)b(p, r)+ Ipl{K2.(p, r) + KIF(P, r)}] dp (38)
-R P - r

where

KIF(P, r) = LI(p, r) - Joo [kloo(p, r, t) - k loo ( - P, r, t)
o

+kloo(p, -r,t)-kloo(-p, --.r,t)]dt

( ) Joo kl (p, t)h3(r, t) + kip, t)h4(r, t)
L I p, r = dt

o R2t2/o
2(Rt) _ [K; 1 + R 2t2]//(Rt)

h3(r, t) = RtIo(Rt)/o(rt) - rtIl(Rt)/I (rt) - 2/1(Rt)/o(rt)

h4(r, t) = Rt[Rt/1(Rt)/o(rt) - rtIo(Rt)/1(rt) - 3/o(Rt)/o(rt)]

5+K
+ -2- /1 (Rt)/o(rt) + rtIl(Rt)/I(rt)

kloo(p, r, t) = .J(~r) e-<2R-p-r l t[2(R - p)(R - r)t2

3K - 1]+ {K(R - r) - 3(R - p)}t - -2-

K2.(p, r) = K3s(p, r) - K3.( - p, r) + K3s(p, -r) - K3.( - p, -r)

K
3
.(p, r) = _1_ [_ 3K + 5 + 2(K + 7)(R - r) _ 8(R - r)2 ].

2.J(pr) 2R-p-r (2R-p-r)2 (2R-p-r?

In order to determine the behavior of the normal stress near the end points p = ±R,
again the dominant part of equation (38) consisting of the Cauchy kernel and the singular
kernel K2 .(p, r) must be analyzed in the same fashion as shown in the previous section.
Using the relations of equation (27), the dominant part of the normal stress becomes

1
(K + 1)(Jzz(r, 0) = (2R)"' [(K - l)(cos rca + 1) - 2(K + 1)(a - 1)

sm na

+4(a_l)2][G(-R) _ G(R)],
(R + r)" (R - rY
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Stress intensity factors K 1 and K 2 are defined as

K1 = lim J2(R - ry(Jzz(r, 0)
,-R

K2 = lim J2(R - ry(J,z(r, 0).
,-R

Using equation (37) and equation (40), these can be rewritten as

J
-
2 G(R)

K1 = - )( y' [(K - I)(cos net + I) - 2(K + I)(et - 1) + 4(et - 1)2J
(K + 1 2R SIll net

J2 G(R)
K2 = (2RY .

(41)

(42)

(43)

(44)

NUMERICAL RESULTS AND DISCUSSION

The total solution of the problem described in Fig. Ib is now the superposition of two
problems I and II. Hence,

(1z/(r,O) = (1z/(r, 0) + (1zz(r, 0) = Po + (1zz(r, 0)

(1,/(r, 0) = (1,/(r, 0) + (1,z(r, 0) = (1,z(r, 0).

Figures 3 and 4 show the variation of the shear and normal stresses, respectively, along
the plane end for various values of the cylinder Poisson's ratio. Note that as the Poisson's
ratio goes to zero, the disturbance problem II ceases to exist, and the total solution of the
problem reduces to that of problem I, i.e. for v = 0

(1,/(r, 0) = (1,/(r, z) = 0

(1z/(r,O) = (1z/(r, z) = Po.

1·0

0'8

o
.: 0·6

"'~I 0b II:

I
0-4

0·2

a

r
R

Fig. 3. Shear stress vs Poisson's ratio for the semi-infinite cylinder.
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1-6

o J-4
oS

I--~I 0
b ~

J-O0-40-2o

0-25

,- 01--------------__,;4---1

0-81----:----:-----:---

.L..
R

Fig. 4. Normal stress vs Poisson's ratio for the semi-infinite cylinder.

With increase in the cylinder Poisson's ratio (to a maximum value of 0'5), effect of the dis
turbance problem increases as is illustrated by Figs. 3 and 4. Also, for higher value of v, a
larger value of the power of the stress singularity ("J. is obtained.

Figure 5 shows the variation of the stress intensity factor K2 with respect to the Poisson's
ratio ofthe cylinder. The value of K 2 for v 0·25 and the corresponding stress distributions
compare very well with those obtained by Benthem and Minderhoud[l]. Equations (42)

0'5

0'4
K 2

K,

'fQ:
0'3

~ ~

tj 0-2

~l ~- 0'1

o
v

Fig. 5. Stress intensity factor K 2 /po RO, K 2 / K, and the exponent ex vs v.
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(45)

show that the stress intensity factors K j and K2 are interdependent and their ratio K2/K j

depends only on the Poissons ratio of the cylinder. From equation (40)

K2 (K + I)sin mx

K j = [(K - I)(cos nrx + 1) - 2(K + l)(rx - 1) + 4(rx - V]·
Figure 5 also shows a variation of this ratio K2 / K j with respect to v. Note that rx appearing in
equation (45) is related to the cylinder Poisson's ratio vas in equation (30). Also, the stress
intensity factors as defined in equation (41) have a dimension different than usually
encountered in crack problems. This is because rx # 1/2 and K;/(po R") is a dimensionless
quantity. Figure 5 also shows a plot of this exponent rx with respect to the cylinder Poisson's
ratio v.

The physical significance of the ratio K2 /K[ can be appreciated by considering an elastic
cylinder pressing against a much stiffer body (i.e. Po is negative). In this case if the co
efficient of friction f between the two materials is greater than K 2 / K j , it may be assumed
that there will be no sliding between the cylinder and the adjoining rigid body. So iff>
K 2 / K1, the contact condition may be assumed to be that of perfect adhesion and the results
given in this paper are valid. On the other hand, iff < K 2 / K j , the problem becomes that of
an elastic cylindrical punch on a rigid half space with friction. Noting the variation K2 /K1

vs. v from Fig. 4 it is seen that, in testing whether the end condition is that of perfect adhesion
or sliding for a given cylinder under compression, as a first approximation one may assume
that K2 / K j = v. The exact expression, of course, is given by equation (45).
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A6cTpaKT - I1CCJIej:\yeTcli nOJIy6ecKoHe'lHblH l.\HJIHH,I:\P, 6JIH3KHH KOHel.\ KOToporo 3al.l.\eMJIeH.
HOpMaJIbHali Harpy3Ka HaxOj:\HTCli j:\aJIeKO OT 3al.l.\eMJIeHHOrO KOHl.\a. TIpHMeHlIli MeTOj:\ HHTe
rpaJIbHoro npe06pa30BaHHlI, onpej:\eJIlieTCli cTporall4!opMYJIHpOBKa 3aj:\a'lH, BBHj:\e cHHryJIlIp
Horo HHTerpaJIbl{OrO ypaBHel{Hli. TIOj:\C'lHTblBaIOTcli '1HCJIeHHO HanpllJKeHHlI Bj:\OJIb JKeCTKOro
KOHl.\a H 4!aKTopbl HHTeHCHBI{OCTH HanpllJKeHHH. TIpej:\CTaBJIliIOTCli OHH B BHj:\e rpa4!HKoB.


